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Section 1 : Introduction

In the movie Inception, a spinning top is used by the
protagonist to determine the reality they are in. As an avid
fan of the movie, I bought myself a spinning top. The way

the top stays upright for an extended period fascinated me.

Whilst spinning the top, I noticed the shape of this top were

Figure 1 — Spinning top from the

different from the ones encountered in my childhood, which
movie Inception [1]
often have a circular base. It made me wonder — how does its

shape affect the duration it spins for? What is the most

efficient shape to maximize its spinning time ?

When the opportunity arose, I was determined to satisfy my curiosity. Further background
research has made me realised the complexity, and a lack of available information on this

matter, making it even more exciting for me to carry out this investigation.

The aim of my exploration is to maximize the spinning time of a top through varying its base
shape. To effectively investigate the influence of shape on spinning time, I will be keeping
other variables, such as volume, density and initial angular velocity fixed. Moreover, to
simplify the problem, I will assume that the torque exerted by air drag is independent of the
shape of the top (but in reality, drag force depends on surface area and shape). This is to keep
the influence of friction and air drag consistent, allowing me to solely focus on angular
momentum. With the following simplifications in mind, I will first determine factors that

affect the spinning time of the top.



Section 2 : Background Physics
2.1 Forces on a Spinning Top
To understand the motions of a spinning

object, I must first understand torque 7 and

angular momentum, L. Torque, defined as

N

T =7XF (vectors quantities will be

explained in section 2.2), is the result of
applying a force, F to rotate an object around
an axis, where 7 is the distance from the

axisof rotation to the object (Figure 2 ) [2].

Torque

Distance

Force

)

Figure 2— Forces exerted on a spinning top [2]

On the other hand, angular momentum is the rotational analog of linear momentum p, defined

as L = 7Xp. There are 2 special features to angular momentum : it is a conserved quantity,

and that its rate of change is torque, T = % [3]. This will be explored and discussed in more

detail in section 3.1.

To determine factors influencing the spinning time of a top, I first examined the forces acting

on it. Figure 3 shows an ideal cone-shaped top rotating about its axis of symmetry on a flat

surface.
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Figure 3 — Diagram of a spinning top Figure 4 — Forces exerted on a spinning top

When a top is spinning, it has got an angular momentum L along the axis of the top. The

force of gravity mg , where m is the mass of the top and g is the gravitational acceleration,

creates a torque 7 perpendicular to L, which in turn changes the direction of the top’s

rotational axis (Figure 4).

When gravity is the only external force acting on the top, the magnitude of angular
momentum is constant but it’s direction changes. Hence the spinning top precesses in a
constant precession angle ¢ provided that the angular speed is above a certain threshold.
Below this threshold, the top starts to wobble and precession of the top becomes complicated
(which will be discussed in section 5.2) [4]. Such complications will be ignored in my

exploration.

However, in reality, air drag and friction from the ground creates an external torque that
causes a deceleration. This slows the top down and reduces the magnitude of angular
momentum. When the angular momentum drops below a certain threshold, the top no longer

precesses steadily and gravity causes the top to eventually fall over.



To maximize the spinning time of a top, I would have to minimize the deceleration caused by
air drag and friction. By assuming that the torque exerted by air drag is independent of the
shape of the top (stated in section 1), this allows me to solely focus on the change of angular
momentum. To do so, I first looked into the relationship between angular momentum and

torque of a point mass.

2.2 Dot and Cross Product
This investigation will be revolved around vector quantities, hence it is important to
understand how to manipulate vectors. As opposed to scalar quantities that only have a

magnitude, vector quantities have both magnitude and direction. Vectors are denoted a and

can be multiplied using dot product (e.g. a - E) or cross product (e.g. de).

Scaler product/ dot product

‘Thﬁ\’xhb, a-b= ||d||||E||cosB
7 Vector product/ cross product
L axb = ||all||b||sin6
2| oS
4 5 ) .
- ~'Z:T§’ B g where the magnitude of vector a is denoted
by llall [5]

Figure 5 — Cross Product
The resultant vector from the cross product has a direction that is perpendicular to both @ and
b, and has a magnitude equal to the area of a parallelogram with vectors a and b as sides [6].
The direction of the resultant vector can be determined by the right hand rule. It is important

to note that the order in which the vector is written in determines the direction of the resultant

vector, where @xb = —bxa (Figure 5)



Section 3 : Moment of Inertia
3.1 Torque and Angular Momentum of a Point Mass
The angular momentum of an extended object is defined as \

the integral sum of its constituent particles [7]. That is, by \

at’

f
&

adding up the angular momentum of particles that make up v \
an object, I can find its angular momentum. To do so, I |
first considered the case of a point particle. Figure 6 — Diagram of Point
Particle

Let 7 be the displacement of the particle from a point P and p = mv be the linear
momentum of the particle, where m is the mass of the particle and ¥ is its linear velocity
(Figure 6). As angular momentum is defined as L= 7Xp (section 2.1) then the angular
momentum about point P is would be

L = Fxp = mix [8]
It is important to note that the magnitude of L depends on the choice of reference point P.

If there is a force F acting on the particle, then according to Newton’s second law F= % ,

there will be a change in momentum, p. This would result in a torque, T

N dp
F=2P
t
N dp
—>r><F=r><—p
dt
_ . dp
T—TXE

As angular momentum, L = 7Xp , I can write torque in terms of angular momentum

To do so, I used the product rule for cross product, % =X % + % xp [9]. Thus

.. dp _d@Exp) di . dGExp) . . . dL
TET T Tar ac Pt



Here, I have deduced that torque is proportional to the rate of change of angular momentum.
This shows that without external torque, angular momentum is conserved. However,
understanding this relationship alone is not sufficient to determine how do I minimize
deceleration by external torques (such as air drag and friction). Thus, my next step will be

establishing the relationship between torque, angular momentum and angular acceleration.

3.2 From Angular Momentum to Angular Acceleration
If the particle is undergoing any sort of circular motion (doesn’t necessarily have to be
uniform), then I can rewrite linear velocity ¥ in terms of angular velocity @, defined via
V= OXT

L = mix(@x7) = mr?®
From this, I have established that L o @. The proportionality constant is called the moment of
inertia of the particle with respect to the point P, which is conventionally denoted by I, thus
L=1Ia.
In the case of a point particle, I = m72. The moment of inertia will differ depending on the
mass distribution of the object, but L@ is general [11]. With this, I can rewrite torque
acting on the point particle in terms of its moment of inertia.
dL  ,do  do

T

T=

To simplify the relationship, I rewrote angular velocity in terms of angular acceleration, @,

N dw
where a = - Hence

dZ_Ida
dt  dt



The relationship T = I@ is generally true provided that the moment of inertia remains
constant [12]. From T = Ia, I realised that the greater the moment of inertia, the smaller the
angular deceleration caused by air drag and friction. This is based on the earlier assumption
that torque exerted by air drag is independent of the shape of the top. By assuming this, the
product of /@ remains a fixed value. Thus, the spinning time of a top will be maximized when

the moment of inertia is maximized.

3.3 Moment of Inertia of a Circular Disc

As mentioned in section 3.1, the angular momentum of an extended object is defined as the
integral sum of its constituent particles. Due to keeping the initial angular velocity constant,
the angular momentum of a spinning top is directly proportional to its moment of inertia
(Z = Iw). Hence I can calculate the moment of inertia of an object by adding up the moment
of inertia of its constituent particles.To simplify calculations, I will consider a spinning top as

a stack of circular discs, where its moment of inertia will be the sum of the moment of inertia

of the discs.
Suppose there is a circular disk with »
s Rt

arca A, thickness Ah, radius R and . X > .

[ \
mass m. To calculate the moment of ‘\"( R/\

A —
inertia of the disc, I broke it down g /é( \

X NA
into n small fragments and treated J{ <o a
sy b

each fragment as point particles l Y

(Figure 7). For the ith fragment, its

moment of inertia would be



Where 7; is the distance from the axis of rotation to the ith fragment. Hence the sum of all

particles would be

n

n
Id = ZAIL = ZrizAmi

i=1 i=1
Where I; is the moment of inertia of a disc. At this point, I encountered complications in
integrating Am,. This is because Am; is dependent upon the location of the fragment (which

makes it a function of r;. To proceed further, I rewrote Am; in terms of r; . To do so, I first

defined the density of the material as p = % = % where V is its volume [ 13]. Rearranging

and subsituting for Am;
Am; = pAV; = p Ah AA; = pAh - Ar - ;A8
Then from Figure 7, I realised that the area of a fragment, AA; can be obtained through
multiplying its sides, thus AA; = Ar - ;A6 . With this, I can rewrite the equation as
Am; = p Ah AA; = pAh - Ar - ;A0

Subsituting this into the formula for moment of inertia

n

I = Zriz - pAh - Ar - 1;A8

i=1

By taking the limit n — oo, the summation becomes an integral
I, :f r3 - pAh- dr df
disc

where [ gisc 1s an abbreviation for integration over the whole disc. As the disc is circular

with a radius of R, the r-intergral is from 0 to R and the 8 integral is from 0 to 2m. Therefore

the integral would be

21 R
f (f r3 - pAh - dr)dH
0 0

Taking out the constant, pAh

10



2n R
= pAhf (f r3 dr) do
0 0

. . . . R
Integrating and substituting the boundaries of | o r3dr

21 [4 R
0

2T p4

4
Finally integrating and subsituting the boundaries of | 0271 RT deo

1
= 2 PR*DRIOTE™

1
=, PR*AR(2m)

1
Id = Epﬂ:R‘LAh

With the moment of inertia of a single disc, I can then proceed further by using this to

calculate the moment of inertia of a top.

11



3.3 Moment of Inertia of a Top
As mentioned earlier, a cylindrically symmetric body, such as a top, can be considered as

stacked discs, where its moment of inertia will be the sum of the moment of inertia of the

discs.
Figure 8 shows such a disc with height H, A
\
spilt into N discs where each of them has a qL ith dse ot h;

—7 / nerlh)

thickness Ah. The i-th disc at height h; has a

N dise: '/ N
) . . 1AL -
radius (as a function of height) r; = r(h;). ‘l %
\ * ’ \ V

+

From what 1 have established above, the
moment of inertia for one disc, Al; would Figure 8 — Stacked Discs
then be
1 4
Al; = S PTT; Ah
Subsituding r; = r(h;)
AI-—1 “Ah—1 -r(h)*Ah

Hence the moment of inertia of the top, as the sum of the moment of inertia of its respective
discs would be

N N 1
hop = ) Ali= ) ~pm-r(h)* Bk
i=1

=1
Taking the limit N — oo

H

1
Liop = Epnf r(h)*dh
0

Where the h-integral is from 0 to H due to that being the height of the top.

12



Section 4 : Optimization

4.1 Varying the Shape of a Top

Now that I have the formula for moment of inertia of a spinning top, [ wanted to investigate
the effect changing the base shape has on its moment of inertia. To do so, I set the slope of
the top as a function of h and investigated the moment of inertia for various shapes.

I started off by first considering the most basic top

shape — a cone (Figure 9). By substituting r(h) = h

and integrating the function, the moment of inertia

becomes

N p= L fﬂﬁdh—l [1hﬂH— L s
3 2P —2PHI5Y ], T10P”

0

Figure 9 — top with sides r(h) = h
Substituting the volume of a cone, V = gnH 3 into the moment of inertia of the top

P= L onhs = 2 vn
~10P™ T 10°

And from m = pV

I = 3 VH? = 3 H?
“107 T 1™
Afterwards, I investigated the moment of inertia of tops with sides of various power

coefficient of h. To enable a better comparison between the moment of inertia of various

3
shapes, I fixed the volume of the tops as V= % (could be any consistent value, this is just

for convenience).

13



The volume of a top with sides r(h) = kvh

H (Figure 10) can be written as the integral sum

of its respective discs. As such a disc would

have a volume of 77 (h;)?, the volume of such

v a top would be

N
V= an(hi)z Ah
Figure 10 — top with sides r(h) « Vh i=1

Taking the limit N — oo
H
V= f nr(h)?dh
0

The proportionality constant k of a top with volume V and sides r(h) = kvh (Figure 10)

3
could be obtained through substituting (k) = kvh into its volume, where V= %
3

% = f Hn(kx/ﬁ)z dh

Taking out the constant, k?

H3 H
B —nk? | (/R)2dh
3 0

Integrating and substituting the boundaries of fOH(\/ﬁ)Z dh
H?3 1 1"
— 2| Zp2

3 =Tk [ 2" ]0

mTH3 1
— k2_H2
)

Solving for k

k? =-H

14



Substituting into 7 (h)

r(n) = 222

3

With this, I can subsitute r(h) = % into the formula to obtain its moment of inertia

. 1 fH 2Hh i
2P 3
1 H
— _ 2172
zpnfo 9h H* dh
4 H
= — prH? f h? dh
18 0
Integrating and substituting
4 1 1"
—_ 21_1h3
18°™ [Bh ]0
4 1
- 2._y3
1gPmH" 31
3
Substituting V= % and fromm = pV
2 2
= 2 2 2
I 9 pV H 9 mH

From this, I realised that the moment of inertia of a top with sides r(h) o Vh is smaller than
that of a cone-shaped top with sides (h) = h. Thus, I hypothesized that the sharper the base

of the top, the larger its moment of inertia.

15



W To investigate this, I considered the moment of inertia
{
k

oH
= 7 of a top with sides 7(h) o« h2, which has a sharper
/ base than the 2 cases I have examined above
_/ L = h > TH3
Z (Figure 11). With V = = the proportionality
AN

constant k would be

T[H3 H
. . V=—=fn-k2h4dh
Figure 11 — top with sides r(h) o« h? 3 0

==
Il

“STo
x| -

Hence its moment of inertia would be

1 Hfp,2\* ;4 1 9 _ 25 5 25 .2
1=2pnf (kh?) dh=Ik*-~pr-H® =2 pnH® =Ly
As the moment of inertia of a top with sides r(h) o h? appears to have the highest moment
of inertia among the cases [ have examined so far, this supports my hypothesis that the

sharper the base of the top, the larger its moment of inertia.

4.2 Optimizing the Shape of a Top
A T From the cases | examined so far, it appears to be a

H . general trend where the larger the power coefficient

of h, the larger its moment of inertia. This raises a

— kh™ (Fi _ mH?
Figure 12 — top with sides r(h) «< h* r(h) = kh* (Figure 12) and volume V 3

couple of questions : is there a power coefficient of h
in which the moment of inertia is maximized ? If so,

what is it ? To find out, I considered a top with sides

16



The proportionality constant k of such a top would be

3

T H
V=—-= f n(kh*)? dh
3 0

Taking out the constant, wk? and simplifying

H3 H
—= k2f h?* dh
3 0

Integrating and substituting the boundaries of | OH h?* dh

3 H
H_ = k2 [ 1 2x+1]
3 2x +1 0
3 2
H_ — k 2x+1
3 2x+1
Rearranging and simplifying
2
k 2(x-1) — 1
2x +1 3
Solving for k
2x +1
k? = ———
3H2(x-1)
2x+1 1
k(x) = i 3 Hx—l

As the top is cylindrically symmetric, it doesn’t matter whether I take the positive or negative

value of k(x). Still, I will take the positive value of k(x) so that r is positive.

Substituting k(x) into formula for the moment of inertia, [ = %pn fOH7‘(h)4 dh and
integrating with respect to dh
1(x) = 5 pm f; (k(x) h¥)* dh
2 0

1 H
= —pnf k(x)* h** dh
2 0

17



I(X) — —pﬂ k(x)4 [ 4x+1]

4x+1

3
This gives me the moment of inertia for a a top with sides r(h) = kh* and volume V = % .

To find the value of x in which the moment of inertia is maximized, I will take the derivative

(

of I(x) and set it to zero, calculating ———= = 0 . Afterwards, I will plot the function to

determine whether it is a maximum, minimum or point of inflexion.

d;(;) ;p dx <()4[4 +1H4x+1]>:0

Although the derivative seems complicated at first glance, it can be tackled through a series

of chain, product and quotient rules. Let u; be k(x)* and v, be ﬁ H***1 thus

d dv,; du;
4 ax+1|) = & — g, 0 b}
< (x) [4x+ 1 A ]) dx UV = Wt

First, I used chain rule to find %

du; d KOO = 4k 5 dk(x)
L= (k) = k()P

Afterwards, I used product rule to find %

dv, d/ 1 4 4
= —H4x+1> :_—_H4x+1_l H_—_H4x+1
dx _ dx <4x 1 4x + 1 M T Gx + 1)

Here, I used a series of chain rules to find i( ! ) and = (H4*+1)
dx \4x+1 dx

Subs1tut1ng — and 1nt0 WV

d _dy N du;
dx “vr =t dx Vi dx
4 dk(x) 1
— 4 | _ . g4x+1 _ . g4x+1 3 . 4x+1
k(x) 4x +1 H InH (4x + 1)? H ] () dx [4x +1 ]

Rearranging and simplifying

18



d 1 4 1 dk(x)
- 4 4x+1|) — 3 4x+1 _
dx(k(x) [4x+1 i ]) Ko v 1t lk(x) <lnH x+1 l
Subsituting back into %;C)
dl (x) 1 3 P 1 dk(x)
p k() 1H k() (nH - —) +

Solving for 4o~ g
dx

dk(x)
- 1>k(x) +—l =0

1 4
— . 3___  pg4x+1
2PT k(x) 4x + 1 H l( d(x)

dk(x)

— k(x).

To proceed further from this point, I found the derivative of k(x) via ——

2x+1 1
3 Hx-1

Subtituding k(x) =

dk(x) d 2x+1)\ 1
d(x) dx 3 JHx1

thus

Hx-1

Here, I used the product rule. Let u; be fx— and v, be —

d 2x +1 1 d dvy duy,

dx 3 Erl g WV T e Tk

Using chain rule,

Using quotient rule,

dvk d 1 1
dx dx( —>__H In H

Subs1tut1ng — and 1nt0 — Uk Vk



d o dyg N duy,
dxukvk = e dx Vk dx

1 1
_ <2x + 1)5 1 nH 4+ 1 <2x + 1)‘5 1
= 3 ge-1 T3\ Ty Hx-1

Rearranging and simplifying

1
_ 1 <2x + 1>§< 1 l H)
T H1\" 3 2x+1 ¢

2x+1 1
3 Hx-1

Subtituding k(x) =

dk(x) _
d(x)

()[ —lnH]

+1

Subs1tud1ng ( )ba k into d((x))

C;I((;)) _ %pn k()3 4x4ﬁ [Ax+1 [(lnH — 4x1+ 1) k(x) + <2x1+ 1~ In H) k(x)] =0

Taking out the constant, k(x)

* H‘“‘“k(x)[(lnH— ! >+< ! —lnH)]zO
+1 4x + 1 2x + 1

Lo k()?
2 P RX) 4

Dividing both sides by ~pm-k (x) 83— - H x+1k (%)

1 1
InH =ity =0

x4+ DRx+1)

x=0

dl(x
However al(x)
dx

= 0 doesn’t indicate the nature of the function — this could be a maximum,
minimum or point of inflexion. As calculating the 2™ derivative would be unefficient, I

decided to plot the anti-derivative of , which is I(x), on a graph. This will enable me to

examine the nature of this point.

20



1
_ = . 4 4x+1
1) =5 pm k() [4x+1 ]
Subsituding k(x) = 2x3+1 H’:‘l

1 [Qx+1)?
I(x) =5pm: lm “HP

In order to ensure that the function does not have a dimension, I divided both sides by pH®>

1@ 1 [M

Plotting DHS 2 9(4x+1)

dl(x) is
dx

The graph shows that when x = 0,

minimum. As / < 0 is not physically

possible, values of I < 0 will be ignored.

L/ From its derivative, I know that there is no
/}/T, 0 1 2 maximum, hence as x tends to infinity,

L 22+ 1) moment of inertia / tends to infinity.

. 1(x) This is in accordance with my hypothesis,
Figure 13 — Graph of oS y hyp

where I proposed that the sharper the base of

1.2
the top, the larger its moment of inertia.

ﬂr’f However, it is physically impractical to have

s a top with sides r(h) o h* where x is a

i really large number (demonstrated in

0:4 Figure 14). This is because such a top would

have easily wobble over and could not
: _ — 1,80
Figure 14 = Graph of r(h) = h maintain a steady state due to the

fundamental laws of physics.
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For instance, the top would easily come into
contact with the ground when precession
occurs, which immediate stops the top from
spinning. A possible alternative solution and
area of further investigation would be to
impose physical constraints to the shape of
the top (Figure 16). By limiting the angle
between the base of the top and its maximum
radius for example, this could decrease the
chances of the top falling over due to the

sides being in contact with the ground. M

Figure 16 — Possible physical constrains to

the shape of the top
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Section 5 : Conclusion

5.1 Conclusion

The aim of my exploration is to maximize the spinning time of a top through varying its base
shape. To do so, I first analyzed forces acting on a spinning top. This has enabled me to
identify factors that affect the spinning time of the top. Through my analysis, I realised that to
maximize the spinning time of a top, I would have to minimize the deceleration caused by air
drag and friction. To do so, I first looked into the relationship between angular momentum

and torque of a point mass. Then, I used this knowledge to derive the relationship between

angular acceleration and angular momentum. With this, I established that L = I&. As initial
angular velocity is kept constant in my exploration, the spinning time of a top will be
maximized when the moment of inertia is maximized. This is because the larger the moment
of inertia, the smaller the angular deceleration caused by air drag and friction thus the longer

the duration span.

With the new focus of my exploration on maximizing the moment of inertia of a top through
varying its base shape, I looked into how could I calculate the moment of inertia of a spinning
top. To do so, I first started by considering the case of a point particle, before moving on to
circular discs. By considering a spinning top as a stack of circular discs, I have successfully

derived an equation for the moment of inertia of a top based on its slope.

Afterwards, I applied my equation to tops of various shapes, including a cone-shaped top, a
top with a circular base and a top with a thin base. From my calculations, I have realised that
the top with a thin base had the largest moment of inertia. Thus, I hypothesized that the

sharper the base of the top, the larger its moment of inertia.

23



3
To test my hypothesis, I considered a top with sides r(h) = kh* and volume V = % To

find the value of x in which the moment of inertia is maximized, I calculated the value of x in

ar(x) _
dx -

which 0 . Through a complex series of algebraic manipulations, I arrived at a

solution. However % = 0 doesn’t indicate the nature of the function — this could be a

maximum, minimum or point of inflexion. As calculating the 2" derivative would be

unefficient, I plotted the anti-derivative of c;l(—(;)) (which is I(x)) on a graph to examine the

nature of this point. My graph of I(x) reveals that there is no maximum to the function, thus

as x tends to infinity, moment of inertia / tends to infinity.

Relating this to the aim of my exploration, I realised that it is physically impartical to have a
top with sides r(h) o< h* where x is a really large number. This is due to a number of
physical limitations, outlined in section 4.2. However, additional criterias could be imposed
to create a spinning top with the maximum moment of inertia. Such areas of further

investigations will be explored in section 5.3.

5.2 Evaluation of Findings : Assumptions and Limitations

There are multiple assumptions that I made, which would have affected the validity of my
findings. First, I assumed the torque exerted by air drag is independent of the shape of the
top. In reality however, drag force depends on both surface area and shape of the top. This
was done to simplify the problem, which enabled me to focus on how the shape of the top
affects its moment of inertia, hence time span. Moreover, I made an implicit assumption of
the tops having the same maximum height H when comparing between tops of different
shapes. This was done to allow effective comparison, but if time allows, the influence of

varying the height H of the top should be investigated. Furthermore, I only invested tops with

24



slopes that obey the function, r(h) o« h*. This is mainly to simplify my exploration, and to
allow my exploration to remain focused on a goal. Further areas of research could include
slopes of other functions, such as sinusoidal functions and piecewise functions. Additionally,
I only investigated the base of the top, disregarding the handles. Although this limits how
generalizable my findings are, its effects could be easily calculated by adding the moment of
inertia of the handle into the moment of inertia of the whole top. Lastly, I ignored the
complications in precession when angular speed of a top drops below the threshold required
to remain a steady precession. This is because at that point, the top starts to wobble and the
precession becomes complicated (beyond my understanding of physics). However, it is still a
general case where the lower the deceleration, the longer the top spins for. This is also a
reason why it will be challenging to calculate the exact duration the top spins for. Realising
such complications, I decided to focus my investigation on the relationship between spinning

time of the top and its base shape as opposed to determining an exact duration.
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